
September 7, 2016 Solution
Analysis 1 - MIDTERM Exam - Semester I

1. Let S be a non-empty finite set and let g : S → S be a function. Show that there exists x ∈ S and
n ∈ N such that

gn(x) = x

where gn = g ◦ g ◦ ... ◦ g (n times).

Solution: Let x ∈ S. Let
A = {gn(x)|n ∈ N}

Since A ⊆ S , A is finite. So there exists n,m ∈ N such that n < m and gn(x) = gm(x) i.e,
gn(x) = gm−n ◦ gn(x). Now taking y = gn(x), we have gm−n(y) = y. �

2. Prove or disprove the claim that f : N× N→ N defined by

f(m,n) = 2m−1(2n− 1)

is a bijection.

Solution: Let us assume that f(m,n) = f(p, q) for some m,n, p, q ∈ N. Then,

2m−1(2n− 1) = 2p−1(2q − 1)

Dividing both sides by 2m−1

2n− 1 =
2p−1

2m−1
× (2q − 1) (1)

Since L.H.S is odd so is R.H.S. But that will happen only if m=p. Putting this in (1) we get n = q.
Therefore (m,n) = (p, q). Hence f is one to one.

Let k ∈ N. Then there exists n ∈ N such that 2n−1 divides k and 2n does not divide k. Then
k/2n−1 is odd. So there exists a m ∈ N such that k/2n−1 = 2m−1. Therefore k = (2m−1)×2n−1.
Hence f(n,m) = k.

So f is onto. �

3. Show that given any two numbers x, y ∈ R with x < y there exists a rational number r such that
x < r < y.

Solution: Let us first suppose that 0 ≤ x. By the Axiom of Archimedes there is an integer
q > 1/(y − x). Then (1/q) < y − x.The set of integers n such that y ≤ (n/q)is a non empty (by
Axiom of Archimedes) set of positive integers, and so has a least element p. Then (p− 1)/q < y ≤
(p/q), andx = y − (y − x) < (p/q) − (1/q) = (p − 1)/q. Thus r = (p − 1)/q lies between x and y.
If x < 0, we can find an integer n such that n > −x. Then n+ x > 0, and there is rational r with
n+ x < r < n+ y, and r − n is a rational between x and y. �
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4. Let {bn} be a sequence of non-zero real numbers converging to a non-zero real number c. Show that
the sequence {bn} converges to 1/c.

Solution: Let ε > 0 be arbitary. Then there exist N ∈ N such that | bn − c |< ε for every n > N .
Since {bn} −→ c 6= 0, there exists M ∈ N such that | bn | > r > 0 for every n > M ,for some r > 0.
Therefore ∣∣∣∣ 1

bn
− 1

c

∣∣∣∣ =

∣∣∣∣bn − ccbn

∣∣∣∣ < ε

|c|r
(2)

for every n > max{M,N} �

5. Define lim inf and lim sup of bounded sequences. Show that a bounded sequence {xn}n≥1 is conver-
gent if and only if

lim inf
n→∞

{xn} = lim sup
n→∞

{xn}

Solution: Let {xn} be a bounded sequence. Let yn = infk≥n{xk} and let zn = supk≥n{xk},
then yn and zn are monotone bounded sequences. So they converge. Then limsup and liminf are
defined as

limsup{xn} = lim{zn}
liminf{xn} = lim{yn}

Let xn be a convergent sequence and it converges to x,
let ε > 0 be arbitary. Since xn converges to x, there exists N ∈ N such that x+ ε ≥ xn ≥ x− ε for
all n ≥ N.
Then, x+ ε ≥ yk ≥ x− ε for all k ≥ N.
Therefore , x+ ε ≥ lim inf xn ≥ x− ε,
Therefore | lim inf{xn} − x |≤ ε, since ε is arbitrary lim inf xn = x.
Similarly by replacing zn for yn, we get lim supxn = x.

Now conversely suppose that lim infn−→∞{xn} = lim supn−→∞{xn}.
infn≥k{xn} ≤ xk ≤ supn≥k{xn}. Now proof follows by taking the limit on both inequalities. �

6. Show that a series of real numbers Σ∞n=1an is convergent if Σ∞n=1 | an | is convergent and converse
is not true.

Solution: Let ε > 0 be arbitrary and since Σ∞n=1 | an | converges, there exists N ∈ N such that
Σm

i=n | ai |≤ ε for all m,n ≥ N.
Since | Σm

i=nai |≤ Σm
i=n | ai |≤ ε for all m,n ≥ N.

Therefore Σ∞n=1an converges. To prove the converse need not be true take an = (−1)n
n , then

Σ∞n=1 | an | diverges by Leibeniez test and by p-test Σ∞n=1an converges. �

7. Let z be be the real number with binary expression:

z = 0.b1b2b3 · · · , (3)

where bk = 1 if k = 3n+ 1 for some natural number n, and bk = 0 otherwise. Compute the decimal
expansion of z.

Solution: We know that

z = Σ∞n=1

1

23n+1
= 1/14 = Σ∞n=1

xn
10n

(4)
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xn =



0 if n = 1

7 if n = 6k − 4fork ∈ N
1 if n = 6k − 3fork ∈ N
4 if n = 6k − 2fork ∈ N
2 if n = 6k − 1fork ∈ N
8 if n = 6kfork ∈ N
5 if n = 6k + 1fork ∈ N

This can be proved by observing that 1/14 = 0.0714285. �
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